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u = σ2 − 5  v = 4σ 
x0 = u
3 mod n

z0 = v
3 mod n

a = (v − u)3(3u + v)/(4u3v)− 2 mod n   B/2U'TPBUZ,D2'U#?A,*Ts?vI@i{,DNVwJYD=-Gx?A,NKF2&DTP03SDwy2
b = u/z0
TPB/Y
y0 = (σ
2 − 1)(σ2 − 25)(σ4 − 25) BTKU?K?H,D2|sTPwyCD2'=NP b TPB/Y y TPFH2BDNV?B/212'YD2'Y85DTVwxw?A,/2TVFAGx?A,D0321?AGJUNVS21FZTs?AGyNVB*=-GxB>|VNKwx|K2
x
TPB/Y
z
NVB/wx;KMB/Y<2'2'Y /NVFXT3kVGy|V2'BS*TPGyF
(x, z)
*Ts?X03N&=Q??QN3|TVwxC/2'=NV
y
kKGx|K2T¯|sTVwxGJY
SNVGyB&?
(x : y : z)
NVB
Ea,b
TVU1U1NVFZY<GyBDk?ANvI¦Qi ,D21B?Q{N =ANVwyC<?HGxNKB/=1V?A,D2';TVFA2
y
TVB/Y −y &GykVBDNKFAGyBDk?A,D2 y  U~N>NKFHY<GyB/TP?A2GJY<21B&?HG 4/2=
P
TVB/Y −P "!R=Gywxwd2=A2121BwJTs?A2'F'>?H,DGJ=Gy=-S/FA2U~GJ=@2'wx;,*Ts?{2-TPB&?'
  "!$#&%('*),+.- /0#214365
±2~?
p
d*2TSDFHGy02TKU?ANKFNP
n
*TPB/YU~NKB/=@GJY<2'F{?H,D2
21wywyGxS<?HGyU
U1CDFH|V2
Ea,b mod p
MRTV=H=@2 ={?A,/21NVFH210 =AT;<={?A,/TP??A,D2NKFHY<2'F
gNV
Ea,b mod p
=HTs?AGJ=4/2'=
|g − (p + 1)| < 2√p.
 ,D2'B
a
TVB/Y
b
|TVFA;K
g
2'=H=@2'BK?HGyTVwxwy;d21,/T|K2'=MTK=MTFZTPB/Y<NK0GyB&?A21kK21FMGyB
[p+1−2√p, p+1+2√p] KG ?H,f=@NK032XTVYDY<Gx?AGyNVB*TPwU1NVB/Y<Gx?AGyNVB*=Gy03S*N&=@2Y}d>;?H,D2?Q;>S2¯NVU~CDFH|V2¯UZ,DNK=A21BRcDNVF2 DTV0S/wx2¯9<CD;KTV03T  =S/TPFZTP0321?AFHGxTs?AGyNVB2'B/=@C/FA2=
g
Gy=Y<Gy|&GJ=AGxdDwy2
d>;
12
7^6}NVB&?HkVNV032'FA;  =MNKFA0 @i2'B/=ACDFA2=
4
Y<Gx|>GJY<2'=
g
*9>CD;&TP0T¯kVGy|V2'=?H,D2
TVYDYDG ?HGxNKB/TPw¦TKU?ANKF
3

798«(7;:
 
	 ]
vz6 GxwywA4/B*Y3?A,D2TVU~?ANVF
p
7 ,/GyUZ,GJ=MBDNV?BD2U~2'=H=HTPFHGxwy;?H,D2=A03TVwxwy2'=@?MTKU?ANKFNV
n
7 ,/21B
g
Gy=
(B1, B2)
 =@03N>NP?H,
G 2Kx¦,D2'B}?A,/2 wJTPFHkV2'=@?SDFHGy02TVU?HNVFRNP
g
Gy=wx2=A=RNVFR2'I&C/TPw±?AN
B2
TVB/Y}Gx?H==@2U~NVB*YwyTVFAkK2'=@?SDFHGx032
TKU?ANKFwy2'=H=NKF2IKC*TPw
?HN 
B1
M+-,D2TKU?ANKF
p
Gxwywd2NVCDB/YGyB=@?HTVkV23i,D21B
g
GJ=
(B1, B1)
 =@03N>NP?H,DTPB*YGyB}=Q?ZTPkK2e¯NP?H,D21FHGJ=@2K
tbu+tbu+t fª  r<q u
?QN$NKFf03NVFH2 TKU?HNVFZ=NP
n
,/T|V2T
(B1, B2)
 =@03N>NP?H, kVFHNVCDS NKFHYD21FNKFf?H,D2 UZ,DNK=A21B U1CDFA|K2V?H,D21; GywywRd2NKCDB/Y
=AGx0¯CDwx?HTPB/21NVC*=@wy;V*,DGyUZ,}032TPB/=-?H,/Ts?vz6 Gywxw NVC<?HSDC<?X?H,D21GyFS/FAN<Y<C/U~?',DGJUZ, U1TPB}2'|V2'Bd2
n
GxMTPwyw±Gx?H=XS/FAGy032
TVU~?ANVFZ=
,/T|K2¯T
(B1, B2)
 =@03N>NP?H,kKFANKCDS NVFZY<2'F'+-,DGJ==@,/NVCDwJY BDNV?d2U~NKB/=@GJY<2'FA2Y TTVGxwyCDFH27RGxB/=@?A2TVYFA2=Q?ZTPFA??A,/23=HTP032U~CDFH|V2
Gx?A,}=A03TVwxwy21F
B1, B2
?HN=@SDwyGx??A,D2Y<G ¦21FH21B&?XSDFHGx032TVU~?ANVFZ='
 +.#	
 %  # ),+.-
+-,D2
2&<S*2U?A2Y?AGy02
C*=@2Yfd>;fv-z6 ?HN<4/B/YT¯TVU?HNVF
p
NVoTB>CD0 d21F
n
Gy=
O(L(p)
√
2+o(1)M(log n)),
,D2'FA2
L(p) = e
√
log p log log p ¦TPB/Y M(log n) FH21SDFH2'=A21B&?A2=?A,D2U~NK0S/wx2&>Gx?Q;NP^0 CDwx?AGySDwyGyU'Ts?HGxNKB}0N<Y<C/wxN n X+-,/2¯=A2'U~NKB/Y=@?HTVkV22'B/TPdDwy2'= NVBD2?AN=HT|V2TTKU?HNVFNV
log p
7 ,/GyUZ, GJ= TVd/=@NKFAd2'Y d>; ?A,D2
o(1)
?H21FH0 TPdNs|V2V}6 TP?A,D2'0Ts?AGJU1TVwTPB*Y
TVwxkKNVFHG ?H,D03GyUGy0S/FANs|K210321B&?H=TKU?
NVB ?A,/2
L(p)
√
2+o(1) TVU~?ANVF,DGywy2TPFHG ?H,D032~?AGJUGx03SDFHNs|V2'0321B&?H=TVU~?NVBb?A,D2 M(log n)TKU?ANKF'
      
9&?ZTPkK2¯iU~NK0S/C<?A2=
Q :=
∏
π≤B1 π
b(log B1)/(log π)cP0
NKB
Ea,b
^+-,/TP?dDGykSDFAN<Y<C*U?Gy=BDNV?-U1NV03SDC<?H2'YTV==@C*UZ,B/=Q?H2'TKY 
2
C/=A2R?H,D2NVwywyNsGxBDkwyN&NKS7
Q← P0NVF2TVUZ,SDFAGy032
π ≤ B1U~NK03SDC<?A2
k
=AC/UZ,f?H,/Ts?
πk ≤ B1 < πk+1NVF
i := 1
?AN
k
YDN
Q← π ·Q 
+-,D2}0¯CDwx?AGySDwxGJU1TP?AGyNVB
π · Q NKB(?A,D2 2'wxwyGyS<?AGJU}U~CDFH|V2GJ=Y<NKBD2}C/=AGxBDk TKYDY<Gx?AGyNVB/=} P + Q → P + Q 3TPB/YY<C/SDwxGJU1TP?AGyNVB/=
P → 2P + NbTKYDY ?QNSNVGyB&?H=
(xP : : zP )
TVB/Y
(xQ : : zQ)
MNKBD2fC/=A2'=¯?H,D2fNKwxwyNsGyBDk NKFA0¯CDwyT/^,D21FH2
(xP−Q : : zP−Q)U1NVFHFA2=@SNVB/Y/=?HN?A,D2Y<G ¦21FH21B/U12
P −Q 7
xP+Q = 4zP−Q · (xP xQ − zP zQ)2, zP+Q = 4xP−Q · (xP zQ − zP xQ)2.
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